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Introduction
A graph G is an ordered pair (V (G), E(G)) consisting of a set V (G) of vertices and a set E(G) of edges. For simplicity, V (G) and E(G) are simply written as V and E, respectively, when no ambiguity arises. The open neighborhood of vertex v ∈ V is the set N(v) = {u ∈ V |uv ∈ E}. A set S ⊆ V is a dominating set of G if N(v) ∩ S ̸ = ∅ for every vertex v ̸ ∈ S [1] . The domination number of G, denoted by γ (G), is the cardinality of a minimum dominating set. The following variation of domination was introduced by Bresar, Henning and Rall in [4] .
Let f be a function that assigns to each vertex a subset of colors chosen from the set C = {1, 2, . . . , k}; that is, f : V −→ P (C ), where P (C ) is the set of all subsets of C . If  u∈N (v) f (u) = C for each vertex v ∈ V with f (v) = ∅, then f is called a k-rainbow dominating function (kRDF) of G. The weight of f is defined as w(f ) =  v∈V |f (v)|. The k-rainbow domination number of G, denoted by γ rk (G), is the minimum weight of a kRDF [5, 4] . Clearly, this concept coincides with the ordinary domination problem when k = 1.
For two relatively prime natural numbers n and k with n 3 and 1 k ⌊(n − 1)/2⌋, the generalized Petersen graph GP(n, k) is a graph on 2n vertices with V (GP(n, k)) = {u i , v i |1 i n} and E(GP(n, k)) = {u i u i+1 , u i v i , v i v i+k |1 i n} with subscripts modulo n [2, 7, 9] . Hereafter, all operations are taken modulo n unless stated otherwise.
The rainbow domination problem has been widely studied recently, e.g., rainbow domination in generalized Petersen graphs [5, 8, 10] , in trees [4, 6] , in Cartesian product graphs [3] , etc. In [5] , Bresar andSumenjak proved that ⌈ 4n 5 ⌉ γ r2 (GP(n, k)) n. They also suspected that there are infinite families of graphs that achieve the bound n and conjectured that GP(2k + 1, k) with k 2 and GP(n, 3) with n 7 and n(mod 3) ̸ = 0 are two candidate families. However, both of those two candidate families were disproved to achieve the bound n. In [8] , Tong, Lin, Yang and Luo showed that γ r2 (GP(n, In [10] , Xu proved that γ r2 (GP(n, 3)) n − ⌊n/8⌋ + β, where β = 0 for n ≡ 0, 2, 4, 5, 6, 7, 13, 14, 15(mod 16) and β = 1 for n ≡ 1, 3, 8, 9, 10, 11, 12(mod 16). In this paper, we shall propose a tight upper bound for γ r2 (GP(n, k)), for any k > 3 and n 4k + 1. Based on our results, we conjecture that γ r2 (GP(n, k)) = n if and only if both n < 4k + 1 and n < 4k The rest of this paper is organized as follows. In Section 2, we introduce some operations on the coloring of vertices in generalized Petersen graphs. In Sections 3 and 4, we derive tight upper bounds of γ r2 (GP(n, k)) for k even and odd, respectively. Finally, Section 5 contains our concluding remarks.
Preliminaries
As in [5] , we use two lines of numbers to denote a 2RDF of a generalized Petersen graph in which the color sets ∅, {1}, {2} and {1, 2} are represented by 0, 1, 2 and 3, respectively. For brevity, f (x) = ∅, {1}, {2} and {1, 2} are also represented as f (x) = 0, 1, 2 and 3, respectively, when no ambiguity arises. We call f (u i ) and f (v i ) a colored pair of u i and v i . Thus the colors assigned to vertex pairs from i to j, denoted by C i,j , can be represented as a 2 × (j − i + 1) array as follows:
For easeof description, we define some operations on
, is defined as follows:
The complement of X , denoted by X , is defined as follows:
The concatenation of X and Y , denoted by X • Y , is defined as follows:
Denote by E(X ) the exchange operation on X . That is, replace all 1's by 2's and all 2's by 1's in X . The reverse of X , denoted by R(X ), is defined as follows:
The suffix of X with length r( j − i + 1), denoted by S(X , r), is the subarray of X containing the last r colored pairs, namely,
The prefix of X with length r( j − i + 1), denoted by P(X , r), is the subarray of X containing the first r colored pairs, i.e.,
For example, if X = ( Proof. We only consider the case where x = 1 and 
The other cases can be handled similarly. By
f (y) = 3 and the lemma follows.
3.
Finding an upper bound of γ r2 (GP(n, k)) for k even First, we consider 2RDF for some special classes of generalized Petersen graphs GP(n, k) which are described in Lemmas 3.1 and 3.2. 
Proof. We define the coloring function f of GP(n, k) by setting Fig. 1 ).
After that, set
. We need to prove that f is a 2RDF with weight n − 1. By the assignment
By using a similar argument, we can find that
It is easy to verify that w(f ) = n − 1. This completes the proof.
Lemma 3.2. For GP(n, k), if k is even and n
.
Proof.
We can assign colors to every 4k + 2 vertex pairs by using the following rule. The first 4k + 1 vertex pairs are colored by using the same 2RDF as those in GP(4k + 1, k) which is described in the proof of Lemma 3.1 (see Fig. 2 ). The last vertex pair, if it exists, is assigned the colored pair ( 0 0 ). It is also easy to verify that the above coloring is a 2RDF f and w(f ) = 4kα = 4k(n + 1)/(4k + 2) = 2k(n + 1)/(2k + 1) and the lemma follows.
In the rest of this section, we consider the class of generalized Petersen graphs GP(n, k) with n = α(4k + 2) − 1 + m for α 1 and 0 < m < 4k + 2. Assume that C 1,n−m of GP(n, k) has the same colored pairs as in GP(α(4k + 2) − 1, k). What we want is to find C n−m+1,n for GP(n, k) so that C 1,n−m • C n−m+1,n is a 2RDF of GP(n, k). Note that n and k are required to be relatively prime. Thus, m must be an even integer and 2 m 4k. Accordingly, we consider the following four cases one by one in the following subsections:
(1) 2 m k, 
All we have to prove is that
This completes the proof. 
Finding a 2RDF of GP(n, k) with k even and k
In this subsection, let GP(n, k) be a generalized Petersen graph with n = α(4k + 2) − 1 + m in which m and k are even integers and k + 2 m 2k + 2. Now let
and let C 1,n−m • C n−m+1,n be a coloring function f of GP(n, k). We use GP(25, 4) as an example to illustrate f . We can find that α = 1 and m = 8 for GP(25, 4). By Eq. (2), 
Proof. Let f be the coloring function C 1,n−m •C n−m+1,n of GP(n, k). As in Lemma 3.3, all we have to prove is that
We consider the following four cases.
Similarly, v n−m+1 has two neighbors v n−m+1−k and v n−m+1+k . By Lemma 3.2, C n−m+1−k,n−m+k is equal to E(C 1,2k ). This yields f (v n−m+1−k ) = 2 and f (v n−m+1+k ) = 1. Thus this case holds.
In this case, if f (x) = 0 and x = u i , then, by Lemma 3.2,  y∈N(x) f (y) = 3. For the case where f (x) = 0 and x = v i , if i + k n, then, by Lemma 3.2,  y∈N(x) f (y) = 3. However, since k + 2 m 2k + 2, i + k might be greater than n and
In this case, if we can prove that i + k(mod n) is an even number, then, by the coloring defined in Lemma 3.2, f (v i+k(mod n) ) = 1. Note that, by Eq. (2), i must be an odd number. This implies that i + k is also an odd number. Note that n and k are relatively prime. This means that n is odd and i + k(mod n) is even. This completes the proof of this case.
By using a similar argument as in Lemma 3.1, this case holds.
In this case, by Eq.
This concludes the proof of this lemma.
Finding a 2RDF of GP(n, k) with k even and 2k
In this subsection, let GP(n, k) be a generalized Petersen graph with n = α(4k + 2) − 1 + m in which m and k are even integers and 2k + 4 m 3k + 2. Now let
and let C 1,n−m • C n−m+1,n be a coloring function f of GP(n, k). We use GP(29, 4) and GP(31, 4) to illustrate Eq. (3). Note that m = 12 and 14 for GP(29, 4) and GP(31, 4), respectively. For GP(29, 4), by Eq. 
Proof. Let f be the coloring function C 1,n−m • C n−m+1,n of GP(n, k). By using a similar argument as in Lemma 3.4 
All we have to prove is that  y∈N(x) f (y) = 3 for f (x) = 0 and x ∈ {u i , v i |n − m + 2k + 2 i n}. Since the construction of the last m − 2k − 1 colored pairs C n−m+1,n is the same as that in Eq. (1) when m ̸ = 3k + 2, by using a similar argument as in Lemma 3.3, we can obtain that  y∈N(x) f (y) = 3. It remains to consider the case where m = 3k + 2. By Observation 2.1, we only need to show that  y∈N(u n−m+2k+2 ) f (y) = 3. By Eq. (3), f (u n−m+2k+1 ) = f (u 2k ) = 2 and f (v n−m+2k+2 ) = 1. This completes the proof.
Finding a 2RDF of
and let C 1,n−m • C n−m+1,n be a coloring function f of GP(n, k). We use GP(33, 4) to illustrate Eq. (4). Note that m = 16 for GP (33, 4) . By Eq. (4), C n−m+1,n = C 18,33 = ( 
Proof. Let f be the coloring function
For the case where x = v i , by using a similar argument as in the proof of Case 2 of Lemma 3.4, we can find that
This completes the proof.
An upper bound of γ r2 (GP(n, k)) for k even
In this subsection, we use Lemmas 3.2-3.6 to derive an upper bound for GP(n, k) with k even and n 4k + 1.
Theorem 3.7. For GP(n, k), if k is even and n 4k + 1, then
Proof. Assume that n = α(4k + . Accordingly, γ r2 (GP(n, k))
Analogously, by Lemmas 3.2 and 3.4-3.6, we can derive that γ r2 (GP(n, k))
After considering all possible values of m, [
], [
] and n ≡ m − 1(mod 4k + 2) (see Tables 1 and 2 ), this theorem follows.
Corollary 3.8 (Lemma 2.1 in [8]). For n 9,
Proof. By Theorem 3.7, after setting k = 2, n ≡ k+1, k+3, . . . , 2k−1, 4k+1(mod 4k+2) is equivalent to n ≡ 3, 9(mod 10) and this corollary follows. 
Finding an upper bound of γ r2 (GP(n, k)) for k odd
In this section, we investigate the upper bound of γ r2 (GP(n, k)) for k odd. Analogous to the analyzed steps in Section 3, first we consider 2RDF for some special classes of generalized Petersen graphs GP(n, k) which are described in Lemmas 4.1 and 4.2.
Lemma 4.1. For GP(n, k), if k is odd and n
Proof. We define the coloring function f of GP(n, k) by setting Fig. 4 ). After that, set C 2k+2,4k+1 = R(E (C 1,2k ) ), where
. We need to prove that f is a 2RDF with weight n − 1. By the assignment C 1,k = ( 
, v 2k+1 } and f is a 2RDF. It is easy to verify that w(f ) = n − 1. This completes the proof.
Lemma 4.2. For GP(n, k), if k is odd and n
Proof. We can assign colors to every 4k + 2 vertex pairs by using the following rule. The first 4k + 1 vertex pairs are colored by using the 2RDF described in Lemma 4.1 (see Fig. 4 ). The last vertex pair, if it exists, is assigned the colored pair ( 0 0 ). It is also easy to verify that the above coloring is a 2RDF f and w(f ) = 4kα = 4k(n + 1)/(4k + 2) = 2k(n + 1)/(2k + 1) and the lemma follows.
Similar to the case of k even, assume that C 1,n−m of GP(n, k) with n = α(4k + 2) − 1 + m has the same colored pairs as in GP(α(4k + 2) − 1, k). What we want is to find C n−m+1,n for GP(n, k) so that C 1,n−m • C n−m+1,n is a 2RDF of GP(n, k). In the following, we describe how to construct C n−m+1,n so that C 1,n−m • C n−m+1,n is a 2RDF of GP(n, k) for odd k 5 and 1 m 4k + 1. According to the possible values of m, we distinguish the following three cases:
In the following, we shall use one subsection for each of the above cases to discuss the construction of C n−m+1,n . 
Finding a 2RDF of GP(n, k) with k odd and 1 m k + 1
In this case, the colored pairs in C 1,n−m of GP(n, k) are copied from the colored pairs of GP(α(4k + 2) − 1, k). Then some adjustments are made in C 1,n−m . After that, C n−m+1,n is constructed. The adjustment on C 1,n−m is made only when m is even and 4 m k − 3 which is described as follows: 
We use GP(48, 11), GP(51, 11) and GP(57, 11) to illustrate Eq. ( which is shown in Fig. 5(c) . 
Proof. Let f be the coloring function C 1,n−m • C n−m+1,n of GP(n, k). Since C 2k+1,n−m has the same colored pairs as those in
, we can find that C k+1,2k = C 1,k no matter if there are any adjustments on the (k − m(mod k))th, (k − m + 1(mod k))th, (2k − m)th and (2k − m + 1)th colored pairs. By using a similar argument as in Lemma 4.2, we can obtain that  y∈N(x) f (y) = 3 for f (x) = 0 and x ∈ {u i , v i |1 i 2k}. By Eq. (5), we consider the following three cases.
According to the values of m, we consider the following three subcases.
In this subcase, by Eq.
f (y) = 3 for x ∈ {u n , v n } and this subcase holds.
Now we consider the case where
). This implies that f (u n−k+3 ) = 2. Now we consider the case where x = v n−k+2 . By Eq. (5), f (v n−k+2 ) = 0. Thus we have to prove that f (v 2 ) ∪ f (v n−2k+2 ) = {1, 2} in which v 2 and v n−2k+2 are the two other neighbors of v n−k+2 . Since C 1,n−m is the same as that in GP(n − m, k), f (v 2 ) = 1 and f (v n−2k+2 ) = 2. This completes the proof of this subcase.
In this subcase, if f (x) = 0 and x ∈ {u i , v i |n − m + 1 i n} \ {v n−m+1 }, then, by using a similar argument as in Subcase 1.2, we can obtain that  y∈N(x) f (y) = 3. It remains to consider the case where f (v n−m+1 ) = 0. By definition, we have to prove that f (v n−m+1+k(mod n) ) ∪ f (v n−m+1−k ) = 3 in which v n−m+1+k(mod n) and v n−m+1−k are the two other neighbors of v n−m+1 . By the assignment of C 1,n−m , f (v n−m+1−k ) = 2. Note that v n−m+1+k(mod n) is exactly the vertex v k−m+1 . If m is odd, then, C 1,k is the same as that in GP(n − m, k) and f (v i ) = 1 for every odd 1 i k. Note that k − m + 1 is also an odd number. Thus f (v k−m+1 ) = 1 when m is odd. If m is an even number, then, by the Type I adjustment made on constructing C 1,2k , f (v k−m+1 ) is reassigned the color set {1}. This completes the proof of this subcase.
This case can be proved by using a similar argument as in Subcase 1.2.
In this case, by Eq. (5), C n−m+1,n = (
Finding a 2RDF of GP(n, k) with k odd and k
In this case, the colored pairs in C 1,n−m of GP(n, k) are copied from the colored pairs of GP(α(4k + 2) − 1, k). Some adjustments are made in C 1,n−m only when m is even and k + 3 m 2k − 2. After that, C n−m+1,n is constructed. The adjustment on C 1,n−m , for even m, is described as follows:
We call the above adjustment the Type II adjustment. For example, see Fig. 6 . In Fig. 6(b) , (c) and (d), k = 9 and m = 2k − 6, 2k − 4 and 2k − 2, respectively, which are 12, 14 and 16, respectively. Now we describe the construction of C n−m+1,n as follows:
where
We use GP(37+m, 9), for m = 12, 14 and 16, as examples to illustrate Eq. (6) . For m = 12, by Eq. In this case, let C 1,n−m be the same as that in GP(n − m, k). Then C n−m+1,n can be constructed as follows:
We use GP(39, 5) as an example to illustrate Eq. (7) . Note that m = 18 in GP(39, 5). By Eq. (7), C n−m+1,n = C 22,39 = ( Proof. Let f be the coloring function C 1,n−m • C n−m+1,n of GP(n, k). By the construction of C 1,n−m and C n−m+1,n , it is easy to verify that  y∈N(x) f (y) = 3 for f (x) = 0 and x ∈ V (GP(n, k)). 4.4. An upper bound of γ r2 (GP(n, k)) for odd k ̸ = 3
In this subsection, we use Lemmas 4.1-4.5 to derive an upper bound for GP(n, k) with k odd and n 4k + 1. ] for the former case, and γ r2 (GP(n, k)) = ⌈ ], for m = 2k − 1, and γ r2 (GP(n, k)) = ⌈ ] and n ≡ m − 1(mod 4k + 2) (see Tables 3 and 4) , this theorem follows.
Concluding remarks
In this paper, we derive a tight upper bound for γ r2 (GP(n, k)) when n 4k + 1. By inspection on our derived upper bound, we can find that γ r2 (GP(n, k)) n − 1, for n 4k + 1. Therefore, if γ r2 (GP(n, k)) = n, then n must be less than 4k + 1. Thus we have the following conjecture: γ r2 (GP(n, k)) = n if and only if both n < 4k + 1 and n < 4k 
